Abstract In this paper we introduce the notion of weak non-asssociative Doi-Hopf module and give the Fundamental Theorem of Hopf modules in this setting. Also we prove that there exists a categorical equivalence that admits as particular instances the ones constructed in the literature for Hopf algebras, weak Hopf algebras, Hopf quasigroups, and weak Hopf quasigroups.
coH -modules. This categorical equivalence was called by Doi and Takeuchi in [16] , the strong structure theorem for M H B , and, for B = H and h = id H , contains as a particular instance the equivalence derived of the Fundamental Theorem of Hopf modules proved by Larson and Sweedler (see [24] , [34] ).
The categorical equivalence of the previous paragraph remains valid for weak Hopf algebras. For a weak Hopf algebra H, Böhm introduced in [10] (1) )} and, if B = H and h = id H , they recover the isomorphism constructed by Böhm in [10] . As in the Hopf setting, it is possible to construct the induction functor F = − ⊗ B coH B : C B coH → M H B and the functor of coinvariants G = ( ) coH : M H B → C B coH . These functors satisfy that F ⊣ G and F and G is a pair of inverse equivalences. Therefore, M H B is equivalent to the category of right B coH -modules (see [18] ). In the two previous paragraphs we wrote about categorical equivalences for categories of Hopf modules connected to associative algebraic structures like Hopf algebras and weak Hopf algebras. An interesting generalization of Hopf algebras are nonassociative Hopf algebras. As in the quasi-Hopf setting, nonassociative Hopf algebras are not associative, but the lack of this property is compensated in this case by some axioms involving the division operation. The notion of nonassociative Hopf algebra in a category of vector spaces was introduced by Pérez-Izquierdo [29] with the aim of to construct the universal enveloping algebra for Sabinin algebras, prove a Poincaré-Birkhoff-Witt Theorem for Sabinin algebras and give a nonassociative version of the Milnor-Moore theorem. Later, Klim and Majid [23] , in order to understand the structure and relevant properties of the algebraic 7-sphere, introduced the notion of Hopf quasigroup. Hopf quasigroups are examples of nonassociative Hopf algebras and in recent years, interesting research about its specific structure and its dual has been developed ( [12] , [19] , [13] , [14] , [20] , [21] , [17] , [2] , [3] ). Moreover, nonassociative Hopf algebras arise naturally related with other structures in various nonassociative contexts like, for example quantum quasigroups in the sense of Smith ([30] , [31] , [32] , [33] ). Nonassociative Hopf algebras include the example of an enveloping algebra U (L) of a Malcev algebra (see [28] , [23] , [35] ) as well as the notion of the loop algebra RL of a loop L (see [9] , [26] ). Then, nonassociative Hopf algebras unify Moufang loops and Malcev algebras, and, more generally, formal loops and Sabinin algebras, in the same way that Hopf algebras unify groups and Lie algebras.
For a of Hopf quasigroup in the sense of [23] , Brzeziński defined in [12] the notion of Hopf module obtaining a categorical equivalence as in the associative context. In this case, the main difference appears in the definition of the category of Hopf modules M H H . Firstly, because the notion of Hopf module reflects the non-associativity of the product defined on H. Secondly, the morphisms are H-quasilinear and H-colinear (see Definition 3.4 of [12] Hopf quasigroups admit a generalization to the weak seetting. The new notion, called weak Hopf quasigroup, was introduced in [4] in a monoidal context and a family of non trivial examples can be obtained by working with bigroupoids, i.e., bicategories where every 1-cell is an equivalence and every 2-cell is an isomorphism (see Example 2.3 of [4] ). In [6] we described these algebraic objects in terms of fusion morphisms and in [4] , for a weak Hopf quasigroup H in a braided monoidal category C with tensor product ⊗, using the ideas proposed by Brzeziński for Hopf quasigroups, we introduce the notion of Hopf module and the category of Hopf modules M H H . In this case, if we define M coH in the same way that in the weak Hopf algebra setting, we obtain the weak nonassociative version of the Fundamental Theorem of Hopf modules in the following way: every Hopf module M is isomorphic to M coH ×H as Hopf modules, where M coH × H is the image of the same idempotent ∇ M used for Hopf modules associated to a weak Hopf algebra. Moreover, in [5] we proved that H L , the image of the target morphism, is a monoid, and then it is possible to take into consideration the category C HL to construct the tensor product M coH ⊗ HL H, and, if the functor − ⊗ H preserves coequalizers, to endow this object with a Hopf module structure. Unfortunately, unlike the case of weak Hopf algebras, it is not possible to assure in general that M coH ⊗ HL H is isomorphic to M coH × H. In order to find sufficient conditions under which these objects are isomorphic in M H H , we introduce in [7] the category of strong Hopf modules, denoted by SM H H and obtain that there exist two functors F = − ⊗ HL H :
F is left adjoint of G and they induce a pair of inverse equivalences. In the Hopf quasigroup setting every Hopf module is strong, and then our results are the ones proved by Brzeziński in [12] . The same happens in the weak Hopf case and then we generalize the theorem proved by Böhm, Nill and Szlachányi in [10] .
Let C be a braided monoidal category with tensor product ⊗. Then for a weak Hopf quasigroup H in C and a right H-comodule magma B (see [5] for the definition), a question naturally arises: Is it possible to define a general category of (H, B)-Hopf modules and to prove a general theorem that permit to recover as particular instances the categorical equivalences cited in the previous paragraphs? The main contribution of this paper is to give a positive answer to this question. Now, we describe the paper in detail. After this introduction, for a weak Hopf quasigroup H and a right H-comodule magma B in a strict braided monoidal category C where every idempotent morphism splits, in the second section we introduce the notion of anchor morphism h : H → B as an H-comodule morphism such that it is a morphism of unital magmas satisfying two suitable conditions. For an anchor morphism h, in Definition 2.10, we define the notion of strong (H, B, h)-Hopf module and prove some properties of these modules. We also find the condition under which the subobject of coinvariants of B, defined as in the weak Hopf algebra context, i.e., coH -modules. Throughout this paper C denotes a strict braided monoidal category with tensor product ⊗, unit object K and braid c. Without loss of generality, by the coherence theorems, we can assume the monoidal structure of C strict. Then, in this paper, we omit explicitly the associativity and unit constraints. For each object M in C, we denote the identity morphism by id M : M → M and, for simplicity of notation, given objects M , N and P in C and a morphism f : M → N , we write P ⊗ f for id P ⊗ f and f ⊗ P for f ⊗ id P . We also assume that every idempotent morphism in C splits, i.e., if ∇ : Y → Y is such that ∇ = ∇ • ∇, there exist an object Z, called the image of p, and morphisms i : Z → Y and p : Y → Z such that ∇ = i • p and p • i = id Z . The morphisms p and i will be called a factorization of q. Note that Z, p and i are unique up to isomorphism. The categories satisfying this property constitute a broad class that includes, among others, the categories with epi-monic decomposition for morphisms and categories with equalizers or coequalizers. For example, complete bornological spaces is a symmetric monoidal closed category that is not abelian, but it does have coequalizers (see [27] ). On the other hand, let Hilb be the category whose objects are complex Hilbert spaces and whose morphisms are the continuous linear maps. Then Hilb is not an abelian and closed category but it is a symmetric monoidal category (see [22] ) with coequalizers.
As for prerequisites, the reader is expected to be familiar with the notions of (co)unital (co)magma, (co)monoid, and morphism of (co)unital (co)magmas. By a unital magma in C we understand a triple A = (A, η A , µ A ) where A is an object in C and η A :
, the unital magma will be called a monoid in C. Given two unital magmas
By duality, a counital comagma in C is a triple
If A, B are unital magmas (monoids) in C, the object A ⊗ B is a unital magma (monoid) in C where
Finally, if D is a comagma and A a magma, given two morphisms f, g : D → A we will denote by f * g its convolution product in C, that is
Doi-Hopf modules for weak Hopf quasigroups
We begin this section by recalling the notion of weak Hopf quasigroup in a braided monoidal category introduced in [4] . In this reference the interested reader can find an exhaustive list of properties of weak Hopf quasigroups, that we will need along the paper. Definition 2.1. A weak Hopf quasigroup H in C is a unital magma (H, η H , µ H ) and a comonoid (H, ε H , δ H ) such that the following axioms hold:
Note that, if in the previous definition the triple (H, η H , µ H ) is a monoid, we obtain the notion of weak Hopf algebra in a symmetric monoidal category. Then, if C is the category of vector spaces over a field F, we have the original definition of weak Hopf algebra introduced by Böhm, Nill and Szlachányi in [10] . On the other hand, under these conditions, if ε H and δ H are morphisms of unital magmas (equivalently,
As a consequence, conditions (a2), (a3), (a4-1)-(a4-3) trivialize, and we get the notion of Hopf quasigroup defined by Klim and Majid in [23] . More concretely, a Hopf quasigroup H in C is a unital magma (H, η H , µ H ) and a comonoid (H, ε H , δ H ) satisfying that ε H and δ H are morphisms of unital magmas (equivalently, η H and µ H are morphisms of counital comagmas), and such that there exists a morphism λ H : H → H in C, called the antipode of H, for which
and
hold. Then, as a consequence, we have (a1) and the following identities
By Proposition 3.2 of [4] we know that the antipode of a weak Hopf quasigroup is unique, and satisfies 
Proof. The proof for Π L H is in Proposition 2.4 of [5] and in a similar way we can prove the result for Π R H (see also Proposition 2.3 of [6] ). The equalities for Π L H and Π R H follow from Proposition 3.11 of [4] .
, we have similar results for the image of the idempotent morphism Π R H denoted by H R . Definition 2.3. Let H be a weak Hopf quasigroup and let B be a unital magma, which is also a right H-comodule with coaction ρ B : B → B ⊗ H such that
We will say that (B, ρ B ) is a right H-comodule magma if any of the following equivalent conditions hold:
This definition is similar to the notion of right H-comodule monoid in the weak Hopf algebra setting and the proof for the equivalence of (b1)-(b6) also follows in a similar way.
Note that, if H is a Hopf quasigroup and B is a unital magma which is also a right H-comodule with coaction ρ B : B → B ⊗ H, we will say that (B, ρ B ) is a right H-comodule magma if it satisfies (7) and
2. Let H be a cocommutative weak Hopf quasigrop and assume that C is symmetric. Then, c H,
On the other hand, if H is cocommutative, the equality
holds. Then, by the coassociativity of δ H and (8), we obtain that
is a right H-comodule magma. Note that, if H is a Hopf quasigroup we have the same example.
3. By Example 3.1 of [3] we have the following. Let H be a Hopf quasigroup and A a unital magma in C. If there exists a morphism ϕ A :
hold, then the smash product A♯H = (A ⊗ H, η A♯H , µ A♯H ) defined by
, is a right H-comodule magma with comodule structure given by
4. Let H, B two Hopf quasigroups. Assume that there exists a morphism of Hopf quasigroups g : B → H, i.e., a morphism of unital magmas and comonoids. Then, (B, ρ B = (B ⊗ g) • δ B ) is an example of right H-comodule magma. Definition 2.5. Let H be a weak Hopf quasigroup and let (B, ρ B ) be a right H-comodule magma. We will say that h : H → B is an integral if it is a morphism of right H-comodules. The integral will be called total if
Proposition 2.6. Let H be a weak Hopf quasigroup and let (B, ρ B ) be a right H-comodule magma. Let h : H → B be a total integral. The endomorphism
and, as a consequence, q B is an idempotent morphism. Moreover, if B coH (object of coinvariants) is the image of q B and p B :
Proof. First note that, by the naturality of c, the condition of right H-comodule morphism for h, and the equality h • η H = η B , we obtain that
holds. Then, as a consequence, by (7) and the properties of ε H and η B , we have
Also,
(anticomultiplicativity of λH and coassociativity of δH )
and then using that Π L H is an idempotent morphism we obtain (11) . Therefore, by (34) of [4] , we have (12) because (14)). On the other hand, by (40) of [4] and (14),
• ρ B is a split cofork (see [25] ) and thus an equalizer diagram. As a consequence, by (33) of [4] , we have
Remark 2.7. Note that, under the conditions of the previous proposition, the object of coinvariants is independent of the total integral h because it is the equalizer object of ρ B and
are the factorizations through i B of the morphisms η B and µ B • (i B ⊗ i B ), respectively. Therefore, η B coH is the unique morphism such that
and µ B coH is the unique morphism satisfying
Thus,
In what follows, the object of coinvariants B coH will be called the submagma of coinvariants of B. Note that, if B = H and ρ B = δ H , the submagma of coinvariants is H coH = H L and then, in this case, it is a monoid. Definition 2.8. Let H be a weak Hopf quasigroup and let (B, ρ B ) be a right H-comodule magma. We will say that h : H → B is an anchor morphism if it is a multiplicative total integral (i.e., a right H-comodule morphism such that it is a morphism of unital magmas) and the following equalities hold:
Note that, if the product on B is associative, every multiplicative total integral h satisfies (c1)-(c2) and therefore is an anchor morphism. Also, using that h is a comodule morphism, the condition (c1) can be rewritten as
Finally, if H is a Hopf quasigroup, (c1) and (c2) are
or, in an equivalent way, B is a cleft right H-comodule algebra in the sense of Definition 3.1 of [3] . 
(Theorem 3.22 of [4] , naturality of c and coassociativity of δH )
and, by similar arguments,
Of course, the same result holds for cocommutative Hopf quasigroups.
3. In the third point of Example 2.4 we saw that if H is a Hopf quasigroup, A is a unital magma in C, and there exists a morphism ϕ A : H ⊗ A → A satisfying (9), (10), the smash product A♯H is a right H-comodule magma with coaction ρ A♯H = A ⊗ δ H . By Example 3.1 of [3] , we have that h = η A ⊗ H : H → A♯H is a total integral. On the other hand,
(unit properties and naturality of c) = h • µ H ((10) and counit properties) and then h is multiplicative. Also, by similar arguments, we have
Thus, by (20) and (2), the identities
hold. Similarly, by (20) and (1) we obtain that
Therefore, h = η A ⊗ H is an anchor morphism. 4. Assume that H and B are Hopf quasigrous in C. Let g : B → H, f : H → B be morphisms of Hopf quasigroups such that g • f = id H . Consider the right H-comodule structure on B defined in fourth point of Example 2.4. Then, f is an anchor morphism. Indeed, first note that
hold because f is a morphism of unital magmas. Also, f is a comodule morphism, i.e., ρ B • f = (f ⊗ H) • δ H , because f is a comonoid morphism and g • f = id H . On the other hand, by Lemma 1.4 of [2] , we have that
holds, and then, using that f is a comonoid morphism, we get
Similarly, by the same arguments,
and this implies that f is an anchor morphism.
As a consequence, the examples of strong projections that we can find in [2] and [8] provide examples of anchor morphisms.
If (B, ρ B ) is a right H-comodule monoid the following identity
holds. Indeed:
As a consequence, if h : H → B is a total integral, the equality
holds because (14)). Also, if h : H → B is a multiplicative morphism of right H-comodules, the following identity holds
holds. Indeed: ((19) and comodule morphism condition
Then, by (24) and the comodule morphism condition for h, (25) is equivalent to
Finally, for an anchor morphism h : H → B the equality
holds, because (14)).
Definition 2.10. Let H be a weak Hopf quasigroup and let (B, ρ B ) be a right H-comodule magma. Let h : H → B be an anchor morphism and let M be an object in C. We say that (M, φ M , ρ M ) is a strong (H, B, h)-Hopf module if the following axioms hold:
For example, the triple (H, µ H , δ H ) is a strong (H, H, id H )-Hopf module. Also, if the following equality
holds, the triple (B, µ B , ρ B ) is a strong (H, B, h)-Hopf module. Let (M, φ M , ρ M ) be a strong (H, B, h)-Hopf module. In a similar way to (22) , but using (d2-3) of Definition 2.10 instead of (7), it is easy to see that
holds. Moreover, by (13), (d2-3), (d2-1), and the condition of comodule for M , we also have the equality
As a consequence, we can obtain the Hopf module version of (23), i.e.,
Moreover, in this setting, the equality
holds because
Finally, by (24) the equality (32) is equivalent to
Proposition 2.11. Let H be a weak Hopf quasigroup and let (B, ρ B ) be a right H-comodule magma. Let h : H → B be an anchor morphism and let (M, φ M , ρ M ) be a strong (H, B, h)-Hopf module. The endomorphism
and, as a consequence, q M is an idempotent. Moreover, if M coH (object of coinvariants) is the image of q M and
Proof. The proof is similar to the one developed in Proposition 2.6 but using (d2-3) instead of (7) and the comodule condition for M instead of the comodule condition for B.
Remark 2.12. Note that, as in the case of B, the object of coinvariants M coH is independent of the anchor morphism h because it is the equalizer object of ρ M and
Lemma 2.13. Let H be a weak Hopf quasigroup and let (B, ρ B ) be a right H-comodule magma. Let h : H → B be an anchor morphism and let (M, φ M , ρ M ) be a strong (H, B, h)-Hopf module. The following equalities hold:
Proof. The proof for the first equality is the following:
The equality (37) follows by
Thus, composing in (36) with q M ⊗ H, we obtain (38). Also, composing in (38) with p M ⊗ B, we have (39). Moreover, composing with M coH ⊗ i B in (37), we obtain (40), and doing the same with p M we get (41). Finally, (42) holds because
Proposition 2.14. Let H be a weak Hopf quasigroup and let (B, ρ B ) be a right H-comodule magma. Let h : H → B be an anchor morphism. If (28) holds, the submagma of coinvariants (B coH , η B coH , µ B coH ) is a monoid.
Proof. Firstly, remember that if (28) holds, the triple (B, µ B , ρ B ) is a strong (H, B, h )-Hopf module. Then by (37) ,
As a consequence, B coH is a monoid because, (18) Proof. First note that, by Proposition 2.14, the object B coH is a monoid. Now we will show that there exists an action
To define the action, we begin by proving that
Indeed,
Therefore,
The pair (M coH , φ M coH ) satisfies the conditions of right B coH -module because
Proposition 2.16. Let H be a weak Hopf quasigroup and let (B, ρ B ) be a right H-comodule magma. Let h : H → B be an anchor morphism. Assume that (28) and
hold. Then if the category C admits coequalizers and the functors − ⊗ B and − ⊗ H preserve coequalizers, for all strong (H, B, h)- 
is also a coequalizer diagram because the functor − ⊗ B preserves coequalizers. Consider the morphism
and, as a consequence, there exists a unique morphism
(50) On the other hand, consider the morphism
Then, taking into account that, by (28) , (B, µ B , ρ B ) is a strong (H, B, h)-Hopf module, (36)). Thus, there exists a unique morphism
We proceed to show that
is a strong (H, B, h)-Hopf module. Indeed, first note that by (51) and the comodule condition for B,
As a consequence, and using that n M coH is a coequalizer, we obtain that
By similar arguments we have
Therefore, the pair (M coH ⊗ B coH B, ρ M coH ⊗ B coH B ) is a right H-comodule and we have (d1) of Definition 2.10.
On the other hand, by (50),
and then, (d2-1) of Definition 2.10, i.e., (q B ⊗ B) )) ( (50)) and, as a consequence,
because n M coH ⊗ B ⊗ B is a coequalizer. Therefore (d2-2) of Definition 2.10 follows because p B is a projection.
The proof for (d2-3) of Definition 2.10 is the following: Composing with the coequalizer n M coH ⊗ B we obtain that (50), (51)) and thus
Using that − ⊗ H preserves coequalizers, the equality (d2-4) of Definition 2.10 follows from (50)), and then (d2-5) of Definition 2.10 holds.
Consider the morphism
M and, as a consequence, there exists a unique morphism
The morphism ω M is a morphism of right H-comodules because
Finally, ω M is an isomorphism with inverse ω
On the other hand, composing with n M coH we have ω (27)), and, as a consequence, ω
Remark 2.17. Note that in the previous proposition the existence of the comodule structure on M coH ⊗ B coH B does not depend on the preservation of coequalizers by the functors − ⊗ B and − ⊗ H. Proposition 2.18. Let H be a weak Hopf quasigroup and let (B, ρ B ) be a right H-comodule magma. Let h : H → B be an anchor morphism and let (P, φ P , ρ P ), (Q, φ Q , ρ Q ) be strong (H, B, h)-Hopf modules. If there exists a right H-comodule isomorphism ω : Q → P , the triple (P, φ is a strong (H, B, h )-Hopf module.
Proof. The proof follows easily because, if ω is a right H-comodule isomorphism,
total integral, therefore an anchor morphism, the category SM because in this case B coH = H L and i B = i L . Examples for Hopf quasigroups: The following example comes from the nonassociative setting. Let H be a Hopf quasigroup and assume that B = H, ρ B = δ H , h = id H . In this case the equalities (28) and (47) 
Finally, by (57) and (58), it is easy to show that D is a well defined idempotent endofunctor. 
Proof. Indeed, 
, constructed in Proposition 2.16, is invariant for the ω-deformation functor, i.e.,
Proof. To prove the proposition we only need to show that
Indeed, composing with the coequalizer n M coH ⊗ B we have
Therefore, (60) holds. 
The previous theorem is a generalization of the one proved by Sweedler [34] for Hopf modules over an ordinary Hopf algebra. It also contains the Fundamental Theorem of relative Hopf modules (or (H, B)-Hopf modules, or Doi-Hopf modules) given by Doi and Takeuchi in [16] . On the other hand, in the weak setting, Theorem 2.24 is a generalization of the one obtained by Böhm, Nill and Szlachányi [10] , for Hopf modules over a weak Hopf algebra H, and the one proved by Zhang and Zhu [37] , for (H, B)-Hopf modules associated to a weak right H-comodule algebra B. Moreover, in the nonassociative context, it generalizes the result obtained by Brzeziński [12] for Hopf modules associated to a Hopf quasigroup. Finally, for weak Hopf quasigroups, Theorem 2.24 is a generalization of the Fundamental Theorem of Hopf modules proved in [4] (see also [7] ).
Categorical equivalences for strong (H, B, h)-Hopf modules
As for prerequisites, in this section we will assume that the conditions of Proposition 2.16 hold. Then, in the following H is a weak Hopf quasigroup and (B, ρ B ) is a right H-comodule magma. Also, h : H → B is an anchor morphism such that (28) and (47) hold. Finally, the category C admits coequalizers and the functors − ⊗ B and − ⊗ H preserve coequalizers. With C B coH we will denote the category of right B coH -modules. The main target of this section is to prove that there exists an equivalence between C B coH and the category of strong (H, B, h)-Hopf modules.
Let (N, ψ N ) be an object in C B coH and consider the coequalizer diagram
and, as a consequence, there exists a unique morphism ρ N ⊗ B coH B :
On the other hand, by (47), we have
and then,using that the functor − ⊗ B preserves coequalizers, there exists a unique morphism
By a similar proof to the one used for M coH ⊗ B coH B in Proposition 2.16, we can prove that
is a strong (H, B, h)-Hopf module such that (the proof follows the ideas given in Proposition 2.23 for
On the other hand, if f : N → P is a morphism in C B coH , we have
and then there exists a unique morphism f ⊗ B coH B : N ⊗ B coH B → P ⊗ B coH B such that
The morphism f ⊗ B coH B is a morphism in SM H B (h) because
Summarizing, we have the following proposition: 
Using the comodule morphism condition we obtain that
and this implies that there exists a unique morphism g coH :
Also, using that g is B-quasilinear, H colinear, and (57) we have
Then,
= q Q • g and, as a consequence,
holds. The morphism g coH is a morphism in C B coH because
Thus, we have the following result. Proof. To prove the theorem, we firstly obtain that the induction functor F , introduced in Proposition 3.1, is left adjoint to the functor of coinvariants G introduced in Proposition 3.2. Later, we show that the unit and counit associated to this adjunction are natural isomorphisms. Then, we proceed as in the proof of Theorem 3.10 of [7] by dividing the proof in three steps.
Step 1: In this step we define the unit of the adjunction. For any right B coH -module (N, ψ N ), consider
coH as the unique morphism such that
This morphism exists and is unique because
. Also, α N is a morphism in C B coH . Indeed: Composing with the equalizer i N ⊗ B coH B we have
On the other hand, the morphism α N is natural in
Finally, we prove that α N is an isomorphism for all right B coH -module N . First note that, under the conditions of this theorem, the triple (B, µ B , δ B ) is a strong (H, B, h)-Hopf module, and then
Now define the morphism
On the other hand, composing with i N ⊗ B coH B and p N ⊗ B coH B • n N we have (N ⊗ B coH B) coH and, as a consequence, α N is an isomorphism.
Step 2: 
Step 3: Now we prove the triangular identities for the unit and counit previously defined. Indeed: The first triangular identity holds because composing with n N we have , and the category C HL of right H L -modules are equivalent (this is the main result proved in [7] ).
Example 3.5. 1. Consider H a Hopf quasigroup, A a unital magma in C, and t ϕ A : H ⊗ A → A a morphism satisfying (9), (10) . By the third points of Examples 2.4 and 2.9 we know that the smash product A♯H is a right H-comodule magma with coaction ρ A♯H = A ⊗ δ H and h = η A ⊗ H : H → A♯H is an anchor morphism.
Moreover, if A is a monoid and the equality
holds, then so hold (28) and (47). Indeed, first note that (2)). Therefore (A♯H) coH = A, p A♯H = A ⊗ ε H and i A♯H = A ⊗ η H . As a consequence, we have (9)). Therefore, if − ⊗ A and − ⊗ H preserve coequalizers, by (iii) of the previous Corollary, we have that the categories SM H A♯H (h) and C A are equivalent. An interesting example of this case can be found using the theory developed in [23] . Let K be a field and let C be the symmetric monoidal category of vector spaces over K. Let G be the abelian group Z n 2 and let F : G × G → K * be a 2-cochain, i.e., F is a morphism such that F (θ, a) = F (a, θ) = 1 for all a ∈ G where θ is the group identity. The group algebra of G, denoted by KG, is a K-vector space with basis {e a ; a ∈ G} and also a unital magma with the product (see [1] ):
In what follows we will denote this magma by K F G. As was pointed in [23] , this algebraic object lives in the symmetric monoidal category of G-graded spaces with associator defined by the It is easy to see that ϕ A satisfies (9), (10) and (71) 
and by the naturality of c and (6),
Therefore, we have (28) and (47). As a consequence, if the category C admits coequalizers and the functor − ⊗ H preserves coequalizers, by Theorem 3.3 we obtain an equivalence between the categories SM H H op (λ H ) and C HL . If H is a Hopf quasigroup, we have a similar result that asserts the following: The categories SM H H op (λ H ) and C are equivalent.
